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ON GENERAL FIBERS OF GAUSS MAPS
IN POSITIVE CHARACTERISTIC
KATSUHISA FURUKAWA
Abstract. A general fiber of the Gauss map of a projective variety in PN
coincides with a linear subvariety of PN in characteristic zero. In positive
characteristic, S. Fukasawa showed that a general fiber of the Gauss map
can be a non-linear variety. In this paper, we show that each irreducible
component of such a possibly non-linear fiber of the Gauss map is contracted
to one point by the degeneracy map, and is contained in a linear subvariety
corresponding to the kernel of the differential of the Gauss map. We also
show the inseparability of Gauss maps of strange varieties not being cones.
1. Introduction
Let X ⊂ PN be an n-dimensional projective variety over an algebraically
closed field of arbitrary characteristic, and let γ : X 99K G(n,PN) be the
Gauss map of X , which sends a smooth point x ∈ X to the embedded tangent
space TxX to X at x in P
N . We denote by dxγ : TxX → Tγ(x)G(n,PN ) the
differential of γ at x ∈ X , a linear map between Zariski tangent spaces at x
and γ(x). We denote by rk γ the rank of dxγ at general x ∈ X . Note that γ is
separable if and only if rk γ = dim(im(γ)).
The degeneracy map κ of X is defined to be the rational map
κ : X 99K G(n− rk γ,PN)
which sends a general point x ∈ X to the (n− rk γ)-plane Lx(ker dxγ) ⊂
PN , where we denote by Lx(A) ⊂ TxX the m-plane corresponding to an m-
dimensional vector subspace A ⊂ TxX .
In characteristic zero, it is well known that the closure of a general fiber of γ is
equal to a linear subvariety of PN (P. Griffiths and J. Harris [7, (2.10)], F. L. Zak
[15, I, 2.3. Theorem (c)]; S. L. Kleiman and R. Piene gave another proof in
terms of reflexivity [11, pp. 108–109]), where the fiber of γ is indeed equal to
κ(x) = Lx(ker dxγ) ⊂ PN for general x in the fiber. The same statement holds
in positive characteristic if γ is separable [4, Theorem 1.1].
A. H. Wallace [14, §7] pointed out that the Gauss map γ can be inseparable
in positive characteristic. In this case, a general fiber of γ is not equal to κ(x),
since their dimensions are different. Moreover, it is possible that a general fiber
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of γ is not equal to a linear subvariety of PN ; the fiber can be a union of points
(Wallace [14, §7], Kleiman and A. Thorup [10, I-3], H. Kaji [8, Example 4.1]
[9], J. Rathmann [13, Example 2.13], A. Noma [12]), and can be a union of
non-linear varieties (S. Fukasawa [1, §7] [2], the author and A. Ito [5, §5] [6,
Theorem 1.3]).
In this paper, we investigate the relationship between the (n− rk γ)-plane
κ(x) = Lx(ker dxγ) and the general fiber of γ (possibly non-linear, as above).
Theorem 1.1. Let X ⊂ PN be an n-dimensional projective variety, and let
F ⊂ X be an irreducible component of the closure of a general fiber of the
Gauss map γ. Then Lx(ker dxγ) ⊂ PN is constant on general x ∈ F (in other
words, F is contracted to one point by κ). Therefore F is contained in this
constant (n− rk γ)-plane.
The above constant (n− rk γ)-plane in PN corresponds to κ(F ). We note
that κ(F1) 6= κ(F2) can occur for two irreducible components F1 and F2 of a
general fiber of γ (see Example 3.4).
Next we examine Gauss maps of strange varieties. A projective variety
X ⊂ PN is said to be strange for a point v ∈ PN if v ∈ TxX holds for
any smooth point x ∈ X . In previous studies of Gauss maps in positive
characteristic, the inseparability of γ of strange X was often observed with
attractive phenomena (e.g., [2], [3]). Motivated by such observations, we show:
Theorem 1.2. Let X ⊂ PN be a projective variety which is strange for a point
v ∈ PN . Then v is contained in Lx(ker dxγ). Moreover, if X is not a cone with
vertex v, then γ is inseparable.
The paper is organized as follows. In §2.1, we first show that the image
dxγ(TxX) in Tγ(x)G(n,P
N) is constant for x in an irreducible component F of
a general fiber of γ. In §2.2, by using the techniques on the shrinking map
with respect to the Gauss map, which is studied in [6, §5], we investigate
a sheaf description for κ. Then we have that κ(x) is constant on x ∈ F ,
and prove Theorem 1.1. In §3.1, we investigate the case where X is strange
for v. This means that γ(X) ⊂ Gv, where Gv ≃ G(n − 1,PN−1) is the set
of n-planes containing v. Using the sheaf description for κ again, we prove
Theorem 1.2. This theorem gives some typical examples in §3.2, which are
relevant to Theorem 1.1.
2. Irreducible component of a general fiber of the Gauss map
We will show the following two propositions and then prove Theorem 1.1 in
the end of this section. Let X ⊂ PN be a projective variety, and let γ : X 99K
G(n,PN) be the Gauss map of X .
Proposition 2.1. Let xo ∈ X be a general point, and let yo := γ(xo). Let
F be an irreducible component of γ−1(yo) such that xo ∈ F . Then we have
dxoγ(TxoX) = dxγ(TxX) in TyoG(n,P
N ) for general x ∈ F .
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Proposition 2.2. Let F be as in Proposition 2.1. Then κ(x) is constant on
general x ∈ F .
2.1. Restriction of the Gauss map. Let r := rk γ, and let α ∈ X be a
general point such that rk dαγ = r. Take an (N − n + r)-plane A ⊂ PN
containing α, such that TαA∩ ker dαγ = 0 in TαPN , and that TαA∩ TαX is of
dimension r. Then X ∩A is smooth at α.
Let X ′′ be the irreducible component of X ∩ A containing α. Then X ′′ is
smooth at α and dim(X ′′) = r.
Lemma 2.3. Let Y ′ := γ(X ′′) ⊂ G(n,PN ). Then γ|X′′ : X ′′ 99K Y ′ is separable
and generically finite; in particular, dimY ′ = r.
Proof. It follows from TαX
′′ ∩ ker(dαγ) = 0. 
Lemma 2.4. Let X ′ ⊂ X be an irreducible component of γ−1Y ′ containing
X ′′. Then γ|X′ : X ′ 99K Y ′ is separable.
Proof. Let x be a general point of X ′′. Since γ|X′′ is separable, the composite
homomorphism Ω1Y ′,γ(x) → Ω1X′,x → Ω1X′′,x is injective; hence so is the ho-
momorphism Ω1Y ′,γ(x) → Ω1X′,x. Thus γ∗Ω1Y ′ → Ω1X′ is injective on an open
neighborhood of x in X ′, i.e., γ|X′ is separable. 
Remark 2.5. Since α ∈ X is general, we can assume that α is a smooth point
of X and that γ(α) is a smooth point of Y . Then X ′ ∩Xsm ∩ γ−1(Y sm) 6= ∅,
where we denote by Xsm the smooth locus of X , and so on.
Now, let us consider general fibers of γ.
Lemma 2.6. Let X ′◦ ⊂ X ′ to be the non-empty open subset
{ x ∈ X ′sm | rk dx(γ|X′) = r } ∩Xsm ∩ γ−1(Y sm) ∩ γ−1(Y ′sm) \
s⋃
i=1
Vi,
where V1, . . . , Vs are the irreducible components of γ−1Y ′ not equal to X
′. Let
x ∈ X ′◦ and let F be an irreducible component of γ−1(γ(x)) ⊂ X containing
x. Then F must be contained in X ′.
Proof. Since F is irreducible and contained in γ−1Y ′, F is contained in X ′ or
Vi. Since x is not contained in
⋃
Vi, and since x ∈ F , we have F ⊂ X ′. 
Remark 2.7. For general α ∈ X , we can take X ′ = X ′α as above. Thus the
union of X ′α
◦’s becomes a dense subset of X .
Proof of Proposition 2.1. Let xo ∈ X be a general point and let yo := γ(xo).
We may take some α ∈ X such that xo ∈ X ′α◦ as in Remark 2.7, and then
the irreducible component F of γ−1(yo) is contained in X
′ due to Lemma 2.6.
Then dxoγ(TxoX) = dxoγ(TxoX
′) = TyoY
′. Moreover, since γ(F ) = yo, it holds
that dxγ(TxX) = dxγ(TxX
′) = TyoY
′ for general x ∈ F . 
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2.2. Shrinking map with respect to the Gauss map. In the proof of
Proposition 2.2, the shrinking map σγ with respect to the Gauss map γ will
play a key role. We prepare some notations and recall the definition of σγ (for
the general case, see [6, Definition 2.1]).
Let Q and S be the universal quotient bundle and subbundle of rank n+1 and
N−n onG(n,PN) with the exact sequence 0→ S→ H0(PN ,O(1))⊗OG(n,PN ) →
Q → 0. For an open subset X◦ ⊂ Xsm, we have the following composite
homomorphism
Φ : γ∗Q∨ → γ∗Hom(Hom(Q∨, S∨), S∨) → Hom(TX◦ , γ∗S∨),
where the first homomorphism is induced from the dual of S ⊗ S∨ → O, and
the second one is induced from the differential
dγ : TX◦ → γ∗TG(n,PN ) = γ∗Hom(Q∨, S∨).
Set n− := rk(ker Φ) − 1, where rk(ker Φ) is the rank as a torsion free sheaf.
Then ker Φ|X◦ is a subbundle of H0(PN ,O(1))∨⊗OX◦ of rank n−+1 (replacing
X◦ ⊂ X by an smaller open subset if necessary). By the universality of the
Grassmann variety, we have an induced morphism
σγ : X
◦ → G(n−,PN)
and call it the shrinking map with respect to γ.
We note that the n−-plane σγ(x) in P
N corresponds to the projectivization
of ker Φ⊗ k(x) ⊂ H0(PN ,O(1))∨ for x ∈ X◦.
Remark 2.8. From [6, Proposition 5.2], n− = n− rk γ and κ = σγ .
Proof of Proposition 2.2. Let xo ∈ X , yo := γ(xo), and F ⊂ γ−1(yo) be as
in Proposition 2.1. Then, setting L := dxoγ(TxoX) in TyoG(n,P
N), we have
L = dxγ(TxX) for general x ∈ F . Thus the linear map Φx is expressed with
the following commutative diagram:
Q∨
ϕ
--
Φx ..
// Hom(TyoG(n,P
N), S∨) // Hom(L, S∨)
−◦dxγ

Hom(TxX,S
∨),
where we write Q := Q ⊗ k(yo) and S := S ⊗ k(yo). Since the vertical arrow
of the above diagram is injective, we have ker(Φx) = ker(ϕ), where ϕ : Q
∨ →
Hom(L, S∨) in the diagram is independent to the choice of x ∈ F . This means
that σγ(x), which corresponds to the projectivization of ker(Φx), is constant on
general x ∈ F . Since κ(x) = σγ(x) as mentioned in Remark 2.8, the assertion
follows. 
Now let us conclude the proof of Theorem 1.1.
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Remark 2.9. Let Z ⊂ X be a closed subset with Z 6= X , i.e., dim(Z) < n.
Then each irreducible component F of a general fiber of γ : X 99K Y is not
contained in Z. Otherwise, the dimension of a general fiber of Z 99K Y is equal
to n− dim(Y ), which implies dimZ = n, a contradiction.
Proof of Theorem 1.1. Let X◦ be a dense subset consisting of x ∈ X satisfying
the conditions of Proposition 2.1. Then each irreducible component F of a
general fiber of γ satisfies F ∩X◦ 6= ∅, as in Remark 2.9 with Z = X \X◦. We
can apply Propositions 2.1 and 2.2 by taking some xo ∈ F ∩ X◦, and then κ
contracts F to one point. 
3. Gauss maps of strange varieties
In this section, we will prove Theorem 1.2 and use it to construct typical
examples relevant to Theorem 1.1.
3.1. Strange point and the kernel of the differential of the Gauss map.
We continue to use the notations in §2.2. Let πv : PN \ {v} → PN−1 be the
linear projection from v, yielding an inclusion
Gv := G(n− 1,PN−1) →֒ G(n,PN)
which sends an (n−1)-plane L ⊂ PN−1 to the n-plane π−1v (L)∪{v} ⊂ PN . We
note that X is strange for v if and only if γ(X) ⊂ Gv.
We denote by Q and S the universal quotient bundle and subbundle of ranks
n+1 and N − n on G(n,PN ), and by Qv and Sv the universal quotient bundle
and subbundle of ranks n and N − n on Gv.
Remark 3.1. (a) We have S|Gv = Sv and have a natural injection Qv →֒ Q|Gv
with the following commutative diagram:
0 // Sv // H
0(PN−1,O(1))⊗ OGv _

// Qv _

// 0
0 // S|Gv // H0(PN ,O(1))⊗ OGv // Q|Gv // 0.
(b) Let E be the kernel of the surjection Q|∨
Gv
։ Qv
∨ induced from the dual
of the above injection. Then E is of rank 1. Let y = [M ] ∈ G(n,PN) be an
n-plane belonging to Gv. Then the projectivization of E ⊗ k(y) ⊂ Q|∨Gv ⊗ k(y)
in H0(PN ,O(1)) corresponds to v ∈M in PN .
Proof of Theorem 1.2. Since γ(X) ⊂ Gv, the homomorphism Φ given in §2.2
is described with the following commutative diagram:
γ∗Q|∨
Gv
//
Φ
--


γ∗Hom(Hom(Q|∨
Gv
, S∨v ), S
∨
v )


// Hom(TX◦ , γ
∗S∨v )
γ∗Q∨v // γ
∗Hom(Hom(Q∨v , S
∨
v ), S
∨
v ) // Hom(TX◦ , γ
∗S∨v ),
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where the middle vertical arrow is induced from TGv = Hom(Q
∨
v , S
∨
v ) →֒
TG(n,PN )|Gv . From the diagram, we have γ∗E ⊂ ker Φ, where E := ker(Q|∨Gv ։
Qv
∨). Therefore the point v ∈ PN , which corresponds to E as in Remark 3.1(b),
is contained in σγ(x) = κ(x) = Lx(ker dxγ). Hence the former statement of the
theorem follows.
If γ is separable, then X must be a cone with vertex v. The reason is
as follows. Let x ∈ X be general. From [4, Theorem 1.1] (or [6, Corollary
5.4]), F := γ−1(γ(x)) ⊂ X is a linear variety. Then F = Lx(ker dxγ) (this is
because, TxF ⊂ ker dxγ and their dimensions coincide). Therefore the line xv
is contained in F ⊂ X , which means that v is a vertex. 
Remark 3.2. We say thatX is strange for a linear variety V ⊂ PN if V ⊂ TxX
for any smooth point x ∈ X , equivalently, X is strange for any point v ∈ V . If
X is strange for V , then Lx(ker dxγ) contains V for general point x ∈ X . This
immediately follows from Theorem 1.2, since v ∈ Lx(ker dxγ) for any v ∈ V .
3.2. Examples. As mentioned in §1, according to Fukasawa’s results, a gen-
eral fiber of an inseparable Gauss map can be a non-linear variety. We check
Theorem 1.1 in such a case:
Example 3.3. Let K be the ground field with charK = 3, and let X ⊂ P4 be
the hypersurface defined by f = Z61 + Z
6
2 + Z3Z4Z
4
0 , where (Z0 : Z1 : · · · : Z4)
are the homogeneous coordinates on P4. Then the following holds.
(a) The Gauss map γ of X is inseparable, and its general fiber is set-
theoretically equal to a smooth conic C ⊂ X .
(b) Lx(ker dxγ) is constant for general x in such a conic C, and moreover,
is equal to the 2-plane spanned by C.
The reason is as follows. We can identify γ : X 99K (P4)∨ with the rational
map sending (Z0 : · · · : Z4) to
(∂f/∂Zi)06i64 = (Z3Z4Z
3
0 : 0 : 0 : Z4Z
4
0 : Z3Z
4
0 ).
Let ℓ = (Z0 = Z3 = Z4 = 0), a line in P
4. Then X is strange for ℓ. The image
of γ is equal to ℓ∗ ⊂ (P4)∨, the set of hyperplanes containing ℓ. Here ℓ∗ is a
2-plane of (P4)∨. On the other hand, the rank of γ is equal to 1. For a general
point x ∈ X , it follows from Theorem 1.2 and Remark 3.2 that
Lx(ker dxγ) = 〈 x, ℓ 〉,
where the right hand side is the 2-plane in P4 spanned by x and ℓ.
Now, we fix a general point α = (1 : α1 : · · · : α4) ∈ X such that α3, α4 are
nonzero. Then we have γ(α) = (1 : 0 : 0 : 1/α3 : 1/α4) in (P
4)∨. On the other
hand, the 2-plane Lα(ker dαγ) = 〈α, ℓ 〉 is defined by α3Z0 − Z3, α4Z0 − Z4.
Let us consider Cα = 〈α, ℓ 〉 ∩ X , whose defining polynomials are Z61 + Z62 +
α3α4Z
6
0 , α3Z0 − Z3, α4Z0 − Z4. Then Cα ⊂ P4 is set-theoretically equal to the
smooth conic in 〈α, ℓ 〉,
(Z21 + Z
2
2 +
3
√
α3α4Z
2
0 = α3Z0 − Z3 = α4Z0 − Z4 = 0),
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where charK = 3 and 3
√
α3α4 ∈ K is the unique third root of α3α4.
We have γ(Cα) = {γ(α)} since the coordinates of a general point of Cα is
written by (1 : ∗ : ∗ : α3 : α4). If a point β = (1 : β1 : · · · : β4) ∈ X satisfies
γ(α) = γ(β), then we have β3 = α3, β4 = α4, and then Cα = Cβ holds because
of their defining polynomials. Hence γ−1(γ(α)) coincides with the conic Cα,
and the statement of (a) holds. For general x ∈ Cα, the 2-plane 〈 x, ℓ 〉 is
spanned by Cα, which implies the statement of (b).
In Theorem 1.1, in the case where a general fiber of the Gauss map is not
irreducible, for irreducible components F ’s of the fiber, the constant (n− rk γ)-
planes κ(F )’s can be different:
Example 3.4. Let charK = 3, and let X ⊂ P3 be the surface defined by the
homogeneous polynomial, f = Z50 + Z
5
1 − Z32Z23 . Then the following holds.
(a) The Gauss map γ of X is inseparable, and its general fiber is set-
theoretically equal to a set of 4 points.
(b) Lx(ker dxγ) 6= Lx′(ker dx′γ) for distinct x, x′ of the above 4 points.
The reason is as follows. The map γ : X 99K (P3)∨ is given by
(∂f/∂Zi)06i63 = (−Z40 : −Z41 : 0 : Z32Z3).(1)
Thus X is strange for v := (0 : 0 : 1 : 0), and the rank of γ is equal to 1. In
addition, γ is generically finite; thus, each irreducible component of a general
fiber of γ is a set of one point.
Let x = (1 : a : b : c) ∈ X be a general point such that a 6= 0. Let
x′ = (w : a′ : b′ : c′) ∈ X be a point satisfying γ(x′) = γ(x). By (1), we have
(−w4 : −a′4 : 0 : b′3c′) = (−1 : −a4 : 0 : b3c).
Since w must be nonzero, we can set w = 1 and express x′ = (1 : a′ : b′ : c′).
Then the above equality implies a′4 = a4 and b′3c′ = b3c. Thus a′ is a 4-th root
of a4, which is equal to a 4-th root of 1 multiplied by a. We recall that the
set of 4-th roots of 1 consists of 4 elements 1,−1, ξ,−ξ, where ξ ∈ K be the
square root of −1.
Let ζ ∈ K be one of the 4-th roots of 1, and set a′ = aζ . We show that
b′, c′ ∈ K are uniquely determined, as follows. Since f(x) = f(x′) = 0, we have
1 + a5 − b3c2 = 1 + (aζ)5 − b′3c′2 = 0. Thus,
a5ζ = ζ(b3c2 − 1) = b′3c′2 − 1.
It follows from (b′)3c′ = b3c that ζ(b3c2 − 1) = b′3c′2 − 1 = b3cc′ − 1, which
implies
c′ =
ζ(b3c2 − 1) + 1
b3c
.
Hence we also have
b′
3
= − b
6c2
ζ(b3c2 − 1) + 1 .
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Thus b′ is obtained as the unique third root of the right hand side of the above
formula.
We set xζ := (1 : aζ : b
′ : c′) ∈ X for a 4-th root ζ ∈ {1,−1, ξ,−ξ} of 1,
where b′, c′ ∈ K are uniquely determined by ζ as above. Then,
γ−1(γ(x)) = {x, x−1, xξ, x−ξ}.
For the strange point v := (0 : 0 : 1 : 0), we have xv 6= x′v for each
x′ ∈ γ−1(γ(x)) with x′ 6= x. On the other hand, Theorem 1.2 implies that
Lx(ker dxγ) = xv and Lx′(ker dx′γ) = x′v. Since the two lines are distinct, the
assertion of (b) follows.
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